Abstract
Introduction
The engineering design is a very complex work. The designers have to take into consideration external (loading, design domain) and internal (effect of the numerical approximations) uncertain data and effect during this procedure. Sometimes the initial loading information has to recalculate (optimize) before the design [20] or due to the multiple solutions the designers have to select the most appropriate one. In engineering one can find an effective tool for these questions in topology optimization [15] . Topology optimization is one of the most popular parts of structural optimization. The "modern" period has been counted since the seminal paper of Bendsoe and Kikuchi in 1988 [4] . Topology optimization is a complex engineering design tool. It needs intensive mathematical, mechanical and computing tools to perform the required design. The method and the different solution techniques can be followed in several publications [1-3, 5, 7, 10, 15, 17, 19] . It has reached a rather high level of reputation in almost all field of life including many industrial fields and it has widespread academic use for structural optimization problems and also for material, mechanism, electromagnetics and other coupled field of design. Despite the level of research in topology optimization, several problems still exist concerning convergence, checkerboards and mesh-dependence which are subject to debate in the topology optimization community [6, 8, 9, [13] [14] [15] [16] . During its hundred years of history it has become clear that the non-unique solution property of the method is affected by the material parameters (Poisson ratio) and the ways of the discretization. The applied finite element technique and the selected type of finite elements (generally four-nodes quadrilateral elements are used) can overcome numerical difficulties [9, [10] [11] [18] [19] . From the very first start of the numerical solution technique of topology optimization, a serious problem with it was the erroneous appearance of corner contacts between solid elements in the solution (checkerboards, diagonal element chains, isolated hinges). To overcome this problem different techniques (some of them are heuristic) were applied [6, 8-10, 13-16, 18] .
The aim of the paper is to investigate the influence of parameter changes to optimal design property in a task with great number of degrees of freedom. The parametric study includes influence of material parameter v (Poisson ratio) as well as the size of the ground element which is commonly applied during the discretization. Increasing the size of the ground elements while the total number of the finite elements are constant, the computational time is significantly reduced. Therefore study on changing accuracy versus ground element resolution may be an important factor in choosing ground element size. In addition to it the effective properties of arrangements of the strong and weak materials (black and white elements) in a checkerboard fashion are also investigated. The Michell-type problem is investigated by the minimization of the weight of the structure subjected to a compliance condition. It is shown that when four-node quadrilateral elements are involved and the size of the ground elements are varied, these constraints result in a numerically induced, artificially high stiffness and different optimal solution patterns. This can account for the formation of checkerboard patterns in continuous layout optimization problems of compliance minimization.
Methodology
Great number of design variables is a great challenge in optimization. Most of the methods are not able to solve that very demanding task. So there is a need for developing an algorithm to solve such a large topological optimization. This very important and popular topic was of interest to many scientists. Our approach is based on Karush-Kuhn-Tucker conditions described in detail in [10] . This SIMP (Solid Isotropic Material with Penalization) type algorithm is rather popular and has a long history [3, 5, 19] . It was found that the quality of the discretization has an influence on the optimal solution (on the optimal topology).
It was found in earlier studies (Rozvany [14] ) that the quality control can be performed by mesh refinement. Contrary to the theoretical trends the "efficiency" decreased with refinement of the element in numerical experiments. The reason was that the number of finite elements and the number of ground elements were increased simultaneously, keeping the number of finite elements per ground element constant. The coarser net of larger size elements increased the discretization error, erroneously increasing the stiffness and decreasing the compliance (even without corner contacts in the solution). The above problem was overcome in the improved experiments (Rozvany [14] ) in which the total number of the finite elements was kept constant in all calculations, but the number of ground elements was progressively increased (i.e. the number of FEs per ground element decreased).
In the following the ground element size and the variation of the Poisson's ratio is investigated in connection with the optimal topology. It is noted that the original Michell structures composed of members having uniaxial stress and generally zero Poisson's ratio is used in the numerical problems for the perforated plates.
Problem formulation
This section is based on our SIMP type algorithm [10] . Let us consider a plane stress or plane strain structure with rectangular element discretization using uniform rectangular mesh with elements g = 1, … , G e . Due to the "checker board effect" described later (see Fig. 2 ) each element is usually subdivided to several sub-elements (Fig. 3) . The structure is subjected to static load and boundary condition. The structure has also been imposed displacement constraints. The objective function is the weight of the structure which can be expressed as:
where γ g is the weight of the ground element, A g is area of the ground element, and t g is the thickness factor. The last one is also a design variable in topology optimization tasks. The factor takes values from the range [0,1], however, we strive to have values of either t min = 10 -6 or t max = 1. It is caused by numerical reasons. An optimized structure should have only two states: either material is present or there is void. So optimization process tends to eliminate intermediate values of thickness. To achieve this effect thickness in equation (1) is penalized as follows:
Penalization minimizes value of the weight for limit values (0 or 1).
The topology optimization problem can be formulated as follows:
where u D is a chosen displacement in the structure and ∆ D is the prescribed permitted value of this displacement.
The inequality constraint can be also written in the form:
where û d T is the virtual displacement vector of virtual loads, u is the displacement caused by static load vector P, ∆d is the prescribed displacement threshold. K is the structural linear stiffness matrix. As it was proven in [2] the inequality condition (3) can be rewritten as:
where C is the compliance of the structure. In the case of static load compliance is a monotonic function of load intensity. The topology optimization problem is to minimize penalized weight (2) subjected to inequality constraint:
subject to
Lagrange duality formulation
Using formulation (5), Lagrange function can be written in the form as follows: where ν, α g , β g are the Lagrange multipliers and h 1 , h 2g , h 3g are slack variables. Using the standard numerical procedure the Karush-Kuhn-Tucker conditions can be written as follows.
Karush-Kuhn-Tucker conditions
Stationary conditions are based on derivatives with respect to Lagrange multipliers. Differentiating eq. (6) we obtain:
Due to symmetry of the stiffness matrix and linear relation between K and t g the above equation can be simplified in the form below: where and  K ge is the finite element stiffness matrix computed for t g = 1. Due to compactness rest of derivatives is presented in simplified form:
Iterative updating formulas
Lagrange multipliers and slack variables can be computed iteratively. Thickness, which is also a design variable, is calculated by iterative formulas. There are three possible scenarios of updating a design variable:
First, when t min < t g < t max , ground elements are called "active: A ≠ 0", α g = β g = 0, updating formula can be derived form (8):
In the second case ("passive: P ≠ 0") t g = t min , Lagrange multipliers are α g ≥ 0, h 2g = 0, and from (8) one can obtain:
So if smaller value of t g than t min is calculated, equation (8) is satisfied by t g = t min .
In the third case ("passive: P ≠ 0"), where t g = t max , the corresponding Lagrange multipliers are β g ≥ 0, h 3g = 0 and (8) implies:
To avoid some numerical problems it is strongly recommended to set a minimum value to some small value, for example t min = 10 -6 Now we derive the final iterative formula on which the topology optimization algorithm is based on. While compliance condition (5) is active this condition can be rewritten as:
Substituting into (16) relation (13) yields:
rearranging with respect to v:
To update t g Lagrange multiplier have to be computed from eq. (18) and new thickness from formula (13) .
Iterative algorithm of topology optimization can be enumerated as follow: 1. Create FE space model together with ground elements and boundary conditions. 2. Assume simple bound values of design values t g , t min = 10 -6 , t max = 1. 3. Specify maximum of compliance C max = 150% * C -corresponding to t g = t max for all elements. 
(8)
(12)
(15) 12. Stop.
Idea of ground element
In plane stress state the thickness of finite element can be treated as the design variable. Unfortunately if each finite element thickness is treated as an independent design variable, it leads to unexpected effect called "checker board effect". This phenomenon is illustrated in Fig. 1 . Enlarged part of topology solution is presented in Fig. 2 . Black and white elements are adjacent to each other alternately. This solution cannot be regarded as a correct one. To avoid this undesirable phenomenon several adjacent finite elements are assigned the same value of design variables (thickness). This group (Fig. 3) is called ground element. Usually choosing ground element of size two is enough to obtain proper results (Fig. 3) . Greater size of the ground element causes faster topology optimization convergence but decreases resolution. In this paper we will check the influence of the ground element size on the results. 
Numerical examples 3.1 Example 1
Several numerical examples have been investigated to illustrate the topological parametric study. The first example is shown in Figure 2 . It is a plane stress beam with one force acting at the bottom of the beam in the middle distance between supports. We benefit on symmetry of the beam therefore a square mesh representing half of the beam will be taken into consideration. To achieve accurate results high resolution rectangular mesh will be used with dimension 1320 × 1320 elements. It makes around 3.5 million degrees of freedom. We also would like to observe influence of ground element size on optimal shape. Therefore topology optimization will be performed for a set of ground element sizes: ge = (1, 2, 3, 4, 5, 6, 8, 10, 12, 24). It is worth mentioning that the Finite Element mesh dimension is always the same (described above) so there is no impact of ground element size on single finite analysis time. Detailed results are presented in Table 1 . Plane stress material was isotropic with Young modulus E = 1.
Computations were performed on HPC to benefit on sparse cluster architecture. In this very demanding task parallel computing plays a crucial role. HPC solution allows for even up to 10 topology optimization analysis performed simultaneously (It depends on the HPC server load). Another level of parallelism used in computations was the multiprocessor architecture of particular cluster node. Linear equation solver Pardiso subroutine implemented in multithreaded version was able to use this type of hardware significantly decreasing solution time.
Schemas of all solutions for each parameter combinations are presented in Table 1 .
Example 2
Three plane stress problems presented in Fig. 6 were computed. These schemas differ only in support mode. The optimal structures as well as the optimal volume parametric study are presented in Tables 2 to 4 and Fig. 7 . Table 1 Optimal topologies as a result of the parametric study of beam presented in Fig. 5 
Table 2
Topology optimization results for Fig. 6a Table 4 Topology optimization results for Fig. 6c 
Conclusions
Computing time strongly depends on the size of ground elements (see Fig. 8 ) for the small sizes. Although we do not change the dimension of the finite element model, the calculation time varies considerably. Ground element size E g = 2 reduces computational time almost by half. Increasing it to E g = 3 we observe another significant time reduction (approximately half). But beyond that we find the trend change. From size E g = 4 to E g = 24 the speeding up of the calculations is linear and only a few percent. So ground element size of E g = 3 is the recommended choice from efficiency point of view.
